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Shocks in vertically oscillated granular layers

J. Bougie, Sung Joon Moon, J. B. Swift, and Harry L. Swinney
Center for Nonlinear Dynamics and Department of Physics, University of Texas, Austin, Texas 78712
~Received 29 April 2002; revised manuscript received 2 August 2002; published 5 November 2002!

We study shock formation in vertically oscillated granular layers, using both molecular dynamics simula-
tions and numerical solutions of continuum equations to Navier-Stokes order. A flat layer of grains is thrown
up from an oscillating plate during each oscillation cycle and collides with the plate later in the cycle. The
collisions produce layer compaction near the plate and a high temperature shock front that rapidly propagates
upward through the layer. The shock is highly time dependent, propagating through the layer in only a quarter
of the cycle. We compare numerical solutions of the continuum equations to molecular dynamics simulations
that assume binary, instantaneous collisions between frictionless, inelastic hard spheres. The two simulations
yield results for the shock position, shape, and speed that agree well. An investigation of the effect of inelas-
ticity shows that the shock velocity increases continuously with decreasing inelasticity; the elastic limit is not
singular.
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I. INTRODUCTION

A. Background

A successful continuum description of granular me
could exploit the powerful methods of standard fluid dyna
ics to describe a variety of granular flow phenomena, but
validity of a continuum description of granular materials h
been questioned and remains an open problem@1#. Several
investigators have proposed equations of motion for ra
granular flow using continuum fields—number densityn, ve-

locity u, and granular temperatureT ( 3
2 T is the average ki-

netic energy due to random particle motion! @2–4#. In one
approach, the interaction between grains is modeled with
nary, inelastic hard-sphere collision operators in kine
theory to derive granular continuum equations to Euler@5#,
Navier-Stokes@6#, and Burnett@7# order. However, attempt
to use such continuum equations to predict properties
granular media have mainly been restricted to idealized
tems that are difficult to produce in experiment@2,8–10# and
to steady-state or asymptotic time limits@2,8,9,11#. The vi-
ability of these continuum equations for experimentally re
izable, three-dimensional~3D!, time-dependent granular sys
tems has scarcely been examined. In this paper, we use
inelastic hard-sphere molecular dynamics~MD! simulations,
as well as 3D simulations of continuum equations to Nav
Stokes order to investigate the strongly time-dependent p
erties of normal shocks in a vertically oscillated granu
layer.

B. Shock waves

If the Mach numberMa ~the ratio of the local mean fluid
speed to the local speed of sound! is greater than unity at the
point where a fluid encounters an obstacle, a compres
wave front is formed near the object and steepens to for
shock. In an ideal fluid with no viscosity or heat conductio
the wave front steepens until the fields develop a mathem
cal discontinuity between the compressed region and the
disturbed region. In a viscous, conducting fluid, the fie
vary continuously, but the front steepens until the sho
1063-651X/2002/66~5!/051301~9!/$20.00 66 0513
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thickness~the width of the region in which the fields chang
from the undisturbed values to the compressed values! is on
the order of a mean free path.

When a supersonic fluid impinges perpendicularly ont
flat, impenetrable plate, a shock forms normal to the pla
The normal component of the mean velocity~with respect to
the plate! is zero at the plate, but the velocity of the undi
turbed fluid far from the plate is still supersonic, flowin
towards the plate. The Mach number decreases abruptly f
greater than unity to near zero as the plate is approached.
density, temperature, and pressure also change rapidly in
region of the shock front. This normal shock propagates b
upstream in a direction opposite that of the upstream fl
velocity.

This paper concerns normal shocks in vertically oscill
ing granular layers. A distinguishing feature of granular m
terials is that granular flows reach supersonic speeds u
common laboratory conditions@2,11,12#. Hence shock for-
mation, which is achieved only under extreme conditions
ordinary gases, is commonplace in granular materials. Sh
propagation has been extensively studied in rarefied g
@13,14#, but the similarities and differences between shoc
in ordinary fluids and in granular media is the subject
ongoing research@11,12,15#. A recent laboratory and mo
lecular dynamics study examined time-independent beha
of oblique shocks in granular flow between two close
spaced plates, and the results were compared with 2D s
lations of Navier-Stokes order continuum equations@11#.

C. Model system

The system consists of a layer of grains on an imp
etrable plate that oscillates sinusoidally in the direction
gravity with amplitudeA and frequencyf. The dimensionless
peak acceleration isG54p2f 2A/g, whereg is the accelera-
tion due to gravity. This simple oscillating system has be
found to yield standing wave pattern formation@16#, convec-
tion @17#, clustering@18#, steady-state flow fields far from th
plate@19#, and shocks@12#. We examine shock formation an
propagation in layers that are'9 particles deep as poure
©2002 The American Physical Society01-1
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except in Sec. III E, where layer depth is varied. Through
this paper, the phrase ‘‘the layer’’ refers to the dense reg
in which the volume fraction of particles is greater than 4
of the random close-packed volume fraction,nmax50.65.

When the maximum acceleration of the plate is grea
thang, the layer leaves the plate during each cycle. When
layer is off the plate, it is cooled by inelastic collisions b
tween particles, while the particles are simultaneously ac
erated towards the plate by gravity; this leads to a large m
velocity compared to the sound speed~See Sec. III C!. We
show in Sec. III that when the layer contacts the plate late
the cycle, the Mach number with respect to the plate is m
greater than unity, i.e., the flow is supersonic.

Shocks similar to those presented here were found fo
wide range ofG and f. Here we report results obtained fro
a particular set of parameter values:G53 and f
50.095Ag/s, wheres is the diameter of a particle. Thi
would correspond to a frequency of'30 Hz for particles
with a diameter of 0.1 mm. The particles have a coeffici
of restitutione50.9, except in Sec. III D, wheree is varied
to investigate the effect of inelasticity on shock propagati
The number of particles in the container per unit area of
bottom plate is 10/s2, except in Sec. III E, where the numbe
of particles is varied to investigate shocks in layers of diff
ent depths. That is, the layer would be 10s deep if the par-
ticles were arranged in a simple cubic lattice. In actual pa
ings seen experimentally, 10 particles/s2 corresponds to an
average depth of approximatelyH59s as poured@20#. For
consistency with previous investigations, we useH ~the
depth of the layer as poured! to express the depth of the laye
throughout this paper.

The values ofG and f in this study were examined prev
ously in experiments and MD studies of spatial pattern f
mation in shallow granular layers@20#. In the present simu-
lations, pattern formation was intentionally suppressed
considering a container smaller than one full wavelength
either horizontal direction~with periodic boundary condi-
tions at the side walls!; the absence of patterns permits bet
visualization of the dependence of the fields on heightz.

We present 3D continuum and MD simulations of t
oscillated granular system, and analyze the behavior of
fieldsn, T, andMa. Section II describes the methods used
simulate and analyze the oscillatory time-dependent fl
Section III reports our results, including an examination
varying inelasticity and layer depth, and Sec. IV presents
conclusions.

II. METHODS

A. Molecular dynamics simulation

We use an inelastic hard-sphere molecular dynam
simulation that was validated in previous studies@20,21# by
comparison to experimentally observed standing wave
terns for varying control parameters. The collision mod
assumes instantaneous binary collisions. Linear momen
is conserved, but energy is dissipated through inelastic c
sions. As in the continuum model~Sec. II B!, the dissipation
is assumed to be characterized by a single parameter
normal coefficient of restitutione:
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e52vn* /vn , ~1!

wherevn5(v12v2)•(r12r2)/ur12r2u, and v’s and r ’s are
velocity and position vectors for a pair of colliding particle
before the collision~no superscript! and after the collision
~with a superscript *). Particles are monodisperse, andur1

2r2u andur1* 2r2* u are identicallys. In previous studies, the
normal coefficient of restitution depended onvn @20#. We
investigate the effects of such a model in Sec. III D. Ho
ever, to be consistent with the continuum model, we us
velocity-independent coefficient of restitution for most
this study. We also neglect the surface friction between p
ticles as well as between the particles and the plate.

The particles are constrained between the bottom p
which oscillates sinusoidally between heightz50 and z
52A, and a ceiling which is fixed atz5200s. In the two
horizontal directions, the width is 20s, and the boundary
condition is periodic. Except in Sec. III E, 3937 particle
were used; the number of particles was chosen to corresp
to H59s and the total mass of the layer matches with tha
the continuum simulations. In Sec. III E, 1969 particles we
used to correspond toH54.5s, and 5906 particles were
used to correspond toH513.5s. The container has the sam
e as the particles, and the mass of the container is assum
be infinitely large compared to that of the granular layer.

Fields are calculated by dividing the container height in
small bins of sizes. The number density is the number o
particles found in a bin divided by the volume of the bin. T
number densityn from MD simulations is averaged over th
same phase angle of the oscillatory state for ten cycles of
plate. The velocityv of each particle is used to calculate th
mean velocity in each bin,u5^v&, where the brackets rep
resent the average over all the particles found in a bin at
same phase angle of the oscillatory state for ten cycles of
plate. Granular temperature is then defined asT5 1

3 ^uv
2uu2&. Throughout this paper, we use units such that
particles have mass unity.

B. Continuum simulation

We numerically solve the continuum equations of Navi
Stokes order proposed by Jenkins and Richman@6#. These
equations were derived for a dense gas composed of frict
less~smooth!, inelastic hard spheres by applying Grad’s 1
moment method to the inelastic Enskog-Boltzmann equat
This model yields hydrodynamic equations for number d
sity @or equivalently, volume fractionn5(p/6)ns3], mo-
mentum, and granular temperature:

]n

]t
1“•~nu!50, ~2!

nS ]u

]t
1u•“uD5“•P2ngẑ, ~3!

3

2
nS ]T

]t
1u•“TD52“•q1P:E2g, ~4!
1-2
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where the components of the symmetrized velocity grad
tensorE are given by:Ei j 5

1
2 (] jui1] iuj ). The components

of the stress tensorP are given by the constitutive relation

Pi j 5F2p1S l2
2

3
m DEkkGd i j 12mEi j , ~5!

and the heat flux is calculated from Fourier’s law

q52k“T. ~6!

To calculate the pressure, we use the equation of state
radial distribution function at contact proposed by Golds
tein et al. @8# to include both dense gas and inelastic effec

p5nT@112~11e!G~n!#, ~7!

where

G~n!5ng0~n!, ~8!

and the radial distribution function at contact,g0, is

g0~n!5F12S n

nmax
D (4/3)nmaxG21

, ~9!

where nmax50.65 is the 3D random close-packed volum
fraction.

Equations~2!–~4! differ from those for a compressible
dense gas of elastic particles by the energy loss term

g5
12

Ap
~12e2!

nT3/2

s
G~n!, ~10!

which arises from the inelasticity of collisions between p
ticles. The bulk viscosity is given by

l5
8

3Ap
nsT1/2G~n!, ~11!

the shear viscosity by

m5
Ap

6
nsT1/2F 5

16

1

G~n!
111

4

5 S 11
12

p DG~n!G ,
~12!

and the thermal conductivity by

k5
15Ap

16
nsT1/2F 5

24

1

G~n!
111

6

5 S 11
32

9p DG~n!G .
~13!

In marked contrast to incompressible isothermal liquid la
ers,n andT for an oscillating granular layer vary by orde
of magnitude in both space and time during each cycle
oscillation; hence the viscosities and thermal conductiv
are very far from constant and must be calculated at e
timestep.

The equations are numerically integrated using a sec
order finite difference scheme on a uniform grid in 3D a
first order adaptive time stepping. For densities near cl
05130
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packed, terms of order 1/G(n) are negligible in Eqs.~12! and
~13!. For reasons of numerical stability, these terms w
neglected and artificial dissipation@22# was introduced in the
low-density region above and below the layer. In the bulk
the layer, where the shock forms and propagates, the de
near the shock is high, and the artificial dissipation has li
effect on the solution.

As in the MD simulation, the granular fluid is containe
between two impenetrable horizontal plates at the top
bottom of the container. We initially conducted the simu
tion in a cell with a ceiling that oscillates with the botto
plate at a height 200s above the bottom plate. ForH59s,
where most of these simulations were conducted, an ave
of less than one particle per oscillation reached a heigh
z>80s in the MD simulation. Changing the height of th
cell from 200s to 80s in the continuum simulation resulte
in a significant speedup in computation time, but did n
change the shock profile. The fractional root mean squ
difference over one cycle between the shock location p
duced in the tall cell (200s high! and the shorter cell (80s
high! was less than 1%. Therefore, for computational e
ciency, the continuum simulations were conducted with
ceiling located at a height 80s above the bottom plate, os
cillating with the bottom plate. In MD simulations of shallow
layers,H&5, many particles reach heights ofz.80s, so we
use a cell height of 200s in continuum simulations forH
<5 ~see Sec. III E!.

As in the MD simulations, we use periodic boundary co
ditions in the horizontal directions. Initial simulations we
conducted with a container 20s wide in the horizontal direc-
tions, as in the MD simulation. For reasons of computatio
efficiency, we reduced the horizontal width of the cell
11s, which produced no significant changes in the sho
behavior. The width in the horizontal directions is 11s for
continuum simulations throughout this paper.

The continuum equations are solved in the refere
frame of the container, with the container oscillations a
counted for by a sinusoidal external forcing term in the m
mentum equation,~3!. We use impenetrable boundary cond
tions at the plates:uz50 in the frame of the plate. Boundar
conditions for horizontal velocities and temperature are se
match those found in the MD simulation. For most of t
oscillation, their vertical derivatives at the plates were fou
to be negligible in the MD simulation, so for simplicity th
boundary conditions used for the continuum simulati
were: ]ux /]z5]uy /]z50, and ]T/]z50, although these
derivatives are not identically zero in the MD simulation f
the entire oscillation cycle of the plate.

C. Shock tracking and shock width

With each cycle of the plate, a normal shock wave
formed and propagates through the layer. This shock w
separates a compressed region near the plate from the u
turbed region which is still falling towards the plate. Both th
undisturbed region and the compressed region vary in sp
and time. In Sec. III we find that when the shock is in t
layer, granular temperature increases with height in the c
pressed region, drops quickly in the shock, and then
1-3
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creases again in the undisturbed region~Fig. 1!. The shock is
identified in simulations as the region in which the tempe
ture falls from its maximum at the top of the compress
region to the local minimum at the bottom of the undisturb
region. The shock widthd is defined as the distance betwe
the locations of this maximum and this minimum. For pu
poses of finding the propagation speed of the shock,
‘‘shock location’’ is defined as the location of steepest te
perature decrease, which is located near the center of
shock region~shaded regions in Fig. 1!.

III. RESULTS

A. Shock profile during formation and propagation

Both simulations start with a slightly randomized fl
layer near the plate which is then oscillated. A periodic st
is reached after a transient state of several cycles of the p
Although most of the particles move together as a hi
density layer, some particles are always found above
below the high-density region. We define ‘‘the layer’’ as t
region in which the volume fraction is greater than 4% of t
random close-packed volume fractionnmax. Below this vol-
ume fraction, there are too few particles for accurate ave
ing in the MD simulation.

During each oscillation, the shock forms and propaga
at the same phase angle with respect to the plate’s oscilla
so the dynamics of the system are fully characterized by
time interval between timef t50 and one cycle later,f t
51. We now investigate the formation and propagation
the shock by examining the behaviors found in MD and c
tinuum simulations for various timesft during the cycle~Fig.
1!.

1. ftÄ0: The layer falls towards the plate

At f t50 the container is at its minimum height. The pa
ticles, thrown off the plate in the previous cycle, are no
falling towards the plate. The temperature is nearly zero
most of the material, increasing with height only in the lo
density region above the layer~Fig. 1!. The effects of the
artificial dissipation which is used in the continuum simu
tion are most pronounced at this time in the cycle, while
layer is dilated and above the plate. The shock formed in
previous cycle has propagated out through the top of
layer and is not present in this picture. The difference
tween the MD and continuum simulations at large heig
has little effect on the shock behavior at later times in
cycle.

2. ftÄ0.15: Shock forms as the layer strikes the plate

The layer now begins to strike the rising plate. The lay
compresses and particle velocities are randomized by c
sions, increasingn andT drastically near the plate. This re
sults in the formation of a shock region wheren and T
change rapidly from the compressed, high temperature
gion near the plate to the dilute, low temperature undistur
region which is still falling towards the plate. Atf t50.15 the
shock is just beginning to form and is broad and not fu
05130
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developed~see Sec. III C!. During this time and throughou
the formation and propagation of the shock, the shock pro
from the continuum model shows remarkable agreem
with the profile found in the MD simulation.

FIG. 1. ~Color! Dimensionless temperatureT/(gs) and volume
fraction n as functions of dimensionless heightz/s at four timesft
in the oscillation cycle. For each time, a picture from MD simu
tion is shown in the left column, with individual particles colo
coded according to temperature: highT in red, low T in blue, and
the bottom plate of the container shaded solid gray. The right
umn shows horizontally averagedn ~blue, scaled on the bottom
graph! and T/(gs) ~red, scaled on the top graph! as functions of
z/s ~ordinate! for the same four times. The plate is shown as
horizontal black solid line, results from MD simulation are show
as dots, and continuum results are solid lines. At times whe
shock is present in the graph, the shock region as located in
tinuum simulations~see Sec. II C! is shaded in gray. The width o
the shock varies throughout the cycle, as discussed in Sec. III
1-4
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FIG. 2. Location of the shock~solid lines for continuum, triangles for MD! and the center of mass of the layer~dashed lines for
continuum, circles for MD! as a function of timeft during one cycle of the plate~thick solid line! for particles with~a! e50.99, ~b! e
50.90, and~c! e50.85, starting from the same initial conditions atf t520.33. The plot is shaded according to the volume fraction fr
the continuum simulation, so that high volume fraction is dark and low volume fraction is light. The ‘‘top’’ and the ‘‘bottom’’ of the
from MD ~when the volume fraction drops to less than 4% of random close packed! are shown as1’s and3 ’s, respectively. The materia
below the shock is visibly compressed as compared to the region above the shock, as can be seen from the shading.
g
th
uc
le
e
e

t
ou
in
he
o
c

ye
th
m
in

um
w

illa

i

.
th
d
k
t

th

dur-
As
re-

s
of

ch
the
d of
on

by
f the
the
arly

the
sed

the
der
The

the
ous

in

ys
is-
3. ftÄ0.22: Shock propagates through the layer

The layer continues to compress on the plate, resultin
the propagation of the shock up through the layer. Here
shock is fully developed and has propagated through m
of the layer, but there is still a significant number of partic
falling towards the plate. The shock has steepened sincf t
50.15, with n and T changing from the upstream to th
downstream values within a distance of about 2s. As will be
discussed in Sec. III C, the width of the shock continues
change throughout the cycle as the shock propagates thr
parts of the layer with different densities. A discontinuity
the derivatives ofn andT appears at the leading edge of t
shock, showing the boundary of the undisturbed region. C
lisions cause the layer to gradually cool behind the sho
creating a lower temperature near the plate.

4. ftÄ0.40: The layer begins to leave the plate

The shock has propagated through the bulk of the la
and now enters the very dilute region above the layer. In
region the temperature becomes uncertain in the MD si
lation because there are too few particles to use in averag
Simultaneously, the plate is approaching its maxim
height, and the layer begins to leave the plate as the do
ward acceleration of the plate becomes larger thang. The
layer continues to cool, setting the stage for the next osc
tion.

B. Shock dynamics

The formation and propagation of the shock is shown
Fig. 2 for three values of the restitution coefficiente. The
effect of varying inelasticity will be discussed in Sec. III D
In each case, when the bottom of the falling layer hits
plate, the center of mass of the layer is still falling towar
the plate, and the layer is compressed. At this time, a shoc
formed near the plate. The shock propagates up through
center of mass and out into the low-density region above
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layer. Then the layer leaves the plate, dilates and cools
ing its free flight, and once again falls towards the plate.
the shock propagates through the layer, it goes through
gions of differing n and T, and the shock velocity show
some slight variation with height, as seen in the curvature
the shock location~Fig. 2!.

C. Mach number and shock width

A prerequisite for shock formation is that the local Ma
number of the flow be greater than unity with respect to
object causing the disturbance. We calculate the spee
sound from MD and continuum simulations using a relati
derived from the continuum equation of state~7! @23#:

c5ATxS 11
2

3
x1

n

x

]x

]n D , ~14!

wherex5112(11e)G(n).
As the layer falls towards the plate, it is accelerated

gravity and becomes supersonic in the reference frame o
plate. When the layer hits the plate, it is stopped by
impenetrable boundary, and the Mach number falls to ne
zero with respect to the plate~Fig. 3!. The undisturbed region
is still falling towards the plate at supersonic speeds, and
shock is formed at the boundary between the compres
~low Ma! region and the undisturbed~high Ma! region. The
Mach number in the undisturbed region is largest near
shock where the layer has been falling the furthest un
gravity, and gradually decreases with increasing height.
Mach number is directly calculated from the values ofn, u,
and T, so the apparent increased discrepancy between
two simulations as compared to the discrepancy in previ
figures is due to propagation of errors in these quantities
calculatingMa.

While the shock is in the layer, the Mach number alwa
reaches its maximum at the lower boundary of the und
turbed region. Thus the maximum value ofMa at a given
1-5
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time represents the value at the leading edge of the sh
The flows in this system are hypersonic, withMa.10 just
above the plate immediately before the shock is produ
~Fig. 4!. As the shock moves through the layer, the maxim
Ma decreases since the fastest flow has been stopped b
shock, but the flow just above the shock remains supers
until after the shock leaves the layer at timef t50.35, and
Ma always changes from supersonic to subsonic as the s
is crossed moving towards the plate.

Since the density of the layer varies in space and time,
mean free path of the particles in the layer changes a
function of height and time. The mean free pathj may be
estimated as@24#

j5
Ap/8

n~ps2!
. ~15!

From f t50.12 to f t50.17 the shock is forming but is no
fully developed. The dilute bottom of the layer hits the pla

FIG. 3. Mach numberMa ~dashed line for continuum and tri
angles for MD! and rescaled volume fraction 10n ~solid line for
continuum and circles for MD! as functions ofz/s when f t
50.22. At this time the shock is fully developed and is propagat
through the layer~see Fig. 1!.

FIG. 4. The maximum Mach numberMa ~dashed line for con-
tinuum and triangles for MD! and the ratio of shock widthd to
mean free pathj ~solid line for continuum and circles for MD! as
functions of time ft. The shock begins forming atf t50.12 and
leaves the layer atf t50.35.
05130
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first at f t50.12, so that while the initial shock is forming,
higher-density region is still falling toward the plate. A
higher and higher-density material hits the plate, the sh
width d broadens~Fig. 4! as it forms from f t50.12 to f t
50.17. After f t50.17, the shock steepens until the ful
formed shock is about one mean free path in width, wher
remains until the shock leaves the layer atf t50.35. After the
shock leaves the layer,d remains approximately one mea
free path, but the mean free path itself increases in the l
density region above the layer, leading to a broadening of
shock front as the shock leaves the layer~compare f t
50.40 to f t50.22 in Fig. 1!.

D. Effect of inelasticity

Previous studies have investigated shocks in elastic
inelastic materials in the asymptotic limit of infinite time@8#
and in inelastic materials at finite times@10# for a piston
moving into a uniform granular gas at a constant speed in
absence of gravity. We wish to investigate the effect of
elasticity on shock dynamics at finite times in the granu
shaker system. However, the oscillatory state of the laye
not appropriate for comparing a gas of elastic hard sphere
one of inelastic hard spheres. An elastic gas, which has
mechanism for removing energy, will never reach an osci
tory state since the container injects energy into the laye
each cycle of the plate. In order to investigate the effect
inelasticity on shocks in granular materials, we sligh
modify the system to look at the propagation of asingle
shockfrom identical initial conditions rather than looking a
oscillatory behavior.

We run simulations with different coefficients of restitu
tion e, starting from identical initial conditions of a dilate
layer falling towards the plate. These initial conditions a
taken from the oscillatory state of the system fore50.9 us-
ing the same parameters as those used in previous sec
At time f t520.33, when the layer is near the peak of
flight above the plate, the coefficient of restitution of th
particles is suddenly increased or decreased.

Changinge significantly changes properties of the sho
and the layer following the next collision with the plate~Fig.
2!. Since the initial conditions are the same for each case
the layer is in free fall, very few differences result from th
change ine until the layer collides with the plate. When th
layer hits the plate it is compacted and many collisions oc
between particles. The lower the coefficient of restitution,
more energy the particles lose through these collisions,
the more compact the layer becomes. In the case of hige,
the layer rebounds and dilates quickly after the collisio
while in the case of lowere, the layer remains very compac
and leaves the plate almost as a solid body. The cente
mass of the highe layer flies very high before beginning t
fall back towards the plate, while the lowere value leads to
a more shallow flight, with the center of mass beginning
fall earlier in the cycle. The shock trajectory exhibits curv
ture similar to that of the center of mass, remaining mos
straight for highe, but bending downward significantly fo
low e.

g
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After the collision with the plate, we track the propagati
of the shock through the layer with a range of new values
e. Starting from the same initial conditions, the shock sta
at the same time and height regardless ofe. However, the
velocity of the shock depends one, as Fig. 5 shows. Al-
though the shock speed changes somewhat as it propa
through the layer~see Fig. 2!, the average shock speedvshock

increases monotonically withe ~see Fig. 5!. The special case
of elastic particles appears to match with the limite→1;
thus there is no qualitative difference between elastic
inelastic gases.

Throughout this paper, both MD and continuum simu
tions were based on a collision model in whiche was inde-
pendent of impact velocity. A more realistic hard-sphere c
lision model could include a coefficient of restitutione
5e(vn) that depends on the normal component of the re
tive colliding velocity of the particlesvn such that the colli-

FIG. 5. Average dimensionless shock speedvshock/Ags in the
reference frame of the plate as a function of coefficient of rest
tion e. vshock is calculated as the average speed of the shock f
when the shock is formed until it leaves the layer.

FIG. 6. Location of the shock@n for constante50.9, 3 for
velocity dependente5e(vn)] and the center of mass of the laye
@s for constante50.9, 1 for velocity-dependent restitutione
5e(vn)] as a function of timeft during one cycle of the plate~thick
solid line! in the MD simulation.
05130
f
s

tes

d

-

l-

-

sions become elastic asvn approaches zero. To test the effe
of such a velocity-dependent restituition coefficient, we r
MD simulations includinge(vn) of the same form as tha
used in studies of pattern formation in vertically oscillat
layers @20#: e(vn)5120.1(vn /Ags)3/4 for vn,Ags, and
e50.9 otherwise. The velocity-dependence of the coeffici
of restitution produces negligible changes in the shock p
files and trajectories, and less than a 1% change in the a
age velocity of the shock~Fig. 6!. For the range of restitution
values used in this paper (0.8<e<1.0), very few particles
collide with low enough relative velocity for the velocity
dependence to significantly affect the outcome. However,
velocity independente&0.8, the MD simulation was unsuc
cessful due to inelastic collapse, while velocity depend
e(vn) may be used to avoid inelastic collapse with mo
inelastic particles.

-
m

FIG. 7. ~a! The height of the center of mass of the layer, and~b!
the location of the shock as a function of timeft for various layer
depthsH. The trajectory of the center of mass~a! is shown for a
complete cycle in the oscillatory state from the MD simulation w
H54.5s (h), H59s (d), and H513.5s (n). The center of
mass location from continuum simulations agrees with MD
within a root mean square difference of 3% over one cycle in e
of the three cases. The shock location~b! is shown for the fraction
of the cycle in which the shock is in the layer, from the oscillato
state ofH54.5s (h for MD, 2•2 for continuum simulation!,
H59s (d for MD, —for continuum!, andH513.5s (n for MD,
2 2 2 for continuum!.
1-7



i

a-

se
ol
r

th
r

th
e

so
n
s
t

n
rs
o

ye
ic
h

n
th
m
um

ta

th

as

m
of
la-
ibits
sults
lts
ua-

es
ibit
than
n-

tly
hat
lar

can
e-
irec-
le
u-
bo-

of
he
he
he

in
ted
sic

d

BOUGIE et al. PHYSICAL REVIEW E 66, 051301 ~2002!
E. Shocks in layers of different depths

Thus far, we have restricted our investigation of shocks
oscillated layers to layer depths ofH59s. We now investi-
gate how changingH affects shock formation and propag
tion for particles withe50.9.

For fluidized layers, increasing the layer depth increa
the pressure compressing the layer on the plate during c
sion with the plate, resulting in tighter packing of the pa
ticles near the plate. For 4s&H&15s, increasing the layer
depth increases the volume fraction of the layer near
plate, so that the trajectory of the center of mass of a laye
depthH513.5s is nearly identical to that forH59s, even
though the former has 1.5 times as many particles in
layer @Fig. 7~a!#. Both trajectories are actually lower than th
center of mass trajectory forH54.5s.

For H54.5s, the layer is almost entirely gaseous,
much so that many particles reach heights greater thaz
580s in each oscillation of the plate in MD simulation
with a ceiling atz5200s. Therefore, we use a cell of heigh
200s for continuum simulations ofH54.5s ~see Sec. II B!.

Changing layer depth also affects the formation a
propagation of shocks in the layer. For more dilute laye
the shock forms earlier in the cycle, when the lower edge
the dilute layer collides with the plate. Thus, increasing la
depth causes the shock to form later in the cycle, at wh
point the shock then propagates faster through the hig
densities found in deeper layers@Fig. 7~b!#.

For H513.5s, the pressure on the layer during collisio
with the plate is so high that in some small regions near
plate, particles begin to form ordered lattices and the volu
fraction increases beyond the random close-packed vol
fraction. For deep layersH*15s, a significant portion of the
layer is compressed into a solid lattice. The equation of s
Eq. ~7! does not allow volume fractionsn.nmax, so con-
tinuum simulations cannot reproduce densities greater
random close-packed found inH*15s. For H&4s, the
particles do not move as a coherent layer, but rather act
gas filling the container for the entire cycle of the plate.
J
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IV. CONCLUSIONS

Shocks form in the vertically oscillated granular syste
with each collision of the layer with the plate. Properties
these shocks captured in both MD and continuum simu
tions show good agreement even though the system exh
a strong time dependence and large spatial gradients. Re
from the continuum simulation agree with the MD resu
even for ranges where the validity of the continuum eq
tions is in question, including whene is significantly less
than one (e50.8) and when the volume fraction approach
close-packed. We also found that deeper layers exh
denser packing near the plate and higher shock speeds
shallow layers. In addition, adding a simple velocity depe
dence to the coefficient of restitution did not significan
change the behavior of the system. Finally, we found t
increasing the coefficient of restitution causes no singu
behavior in the shock velocity ase approaches unity.

These results demonstrate that continuum equations
describe even a complicated three-dimensional, tim
dependent granular system. These results also suggest d
tions for further research. A more realistic model of partic
collisions could include friction between particles. The sim
lations should be further tested by direct comparison to la
ratory measurements on shocks. Finally, an investigation
the role of a shock wave in transporting energy from t
plate to the layer could provide useful information about t
mechanism by which oscillations of the plate provide t
energy to drive flows and patterns.
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