
Volume119,number8 PHYSICSLETTERSA 12January1987

A FAREY TRIANGLEIN THE BELOUSOV-ZHABOTINSKII REACTION

J. MASELKO andHarryL. SWINNEY
Centerfor NonlinearDynamicsandtheDepartmentofPhysics,The UniversityofTexas,Austin, TX 78712,USA

Received7 July 1986; revisedmanuscriptreceived14 October1986;acceptedfor publication21 October1986

InarecentstudyKim andOstlund,motivatedby an interestin frequencylocking onathree-torus,constructedaFareytriangle
to obtainrational approximantsof pairsof irrational numbersthataremutually irrational. We find that their Fareytriangle
providesanaturalcompactdescriptionofsequencesofperiodicstatesobservedin ourexperimentson theBelousov—Zhabotinskii
reaction.

Multipeaked periodic waveforms consisting of
combinationsof largeandsmall amplitudeoscilla- 31(21)~

tions havebeenobservedin many experimentson (a)
of multipeakedperiodicstateshavebeenobserved
nonequiibriumchemicalreactions.In fact,sequences
muchmorefrequentlythanchaosin nonequilibrium
chemical reactions,but extensivetheoretical and
experimentalstudiesof chaosin recentyearshave
ledto abetterunderstandingof thechaotiôbehavior 21(11)422
thantheperiodicsequences.

Fig. 1 showssomeexamplesof multipeakedperi-
odicwaveformsobservedin ourexperimentson the (b)
manganese-catalyzedBelousov—Zhabotinskiireac-
tion in a stirredflow reactor.The time seriesin fig.
1 a is formed from the repetition of two basicpat-
terns,31 and21, where3’ means3 largeoscillations ~22(11?12
followedby 1 small amplitudeoscillation, etc. The
time seriesin fig. lb consistsof repetitionsof three
basicpatterns,andin fig. 1 c,fourbasicpatterns. (C)~fl~[1

In anearlierstudy[1], wefoundthatanobserved
sequenceof periodic statesconsistingof two basic
patternscould be describedby the Fareyarithmetic
that providesrationalapproximationsof irrational Fig. 1. Bromideion potentialtime seriesshowingmultipeaked
numbers[2]. In theFareyanalysisaninfinitetreeof periodic waveformsconsistingof combinationsof a few basic
rationalnumberscanbe constructedfrom a pair of patterns:(a)two basicpatterns,3’ and2’; (b) threebasicpat-
rationalnumbeirs:the Fareysumof thepairp/qand terns,2’, 1’, and22; (c) four basicpatterns,2~,22, 1’, and12.The
p’/q’ is (p+p’)/( q+q’), whichis therationalmediant malonicacidconcentrationandtheresidencetime (reactorvol-
betweenp/q andp’ /q’ with the smallestdenomina- umedividedby thetotal flow rate)ineachcasewas,respectively,(a) 0.033M, 5905; (b) 0.046M, 494 5; (c) 0.053M, 450 s. For
tor. This Fareyaddition canbe continuedindefi- all threecasestheconcentrationsoftheotherfeedchemicalsin
nitely, yieldingtheFareytree.In ourstudywefound thereactorwere0.00416M MnSO4,1.5 M H2S04and0.033M
thation somecasesthedatawentdownseverallevels KBrO3.
in the Fareytree.
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RecentlyKim andOstlund [3], motivatedby the Table 1

current interest in frequency locking in multifre- Some of the periodic states observed in the Belou-
sov—Zhabotinskiireactionin a well-stirredflowreactorasafunc-quencydynamicalsystemshaveexaminedrational . .

tion of r and malonic acid concentrationwith the following
approximantsfor two or more mutually irrational concentrationsheldfixed: 0.00416M MnSO

4, 1.5 M H2S04and
numbers.In this analysisrationalapproximantsfor 0.033 M KBrO3. Eachstateis of the form (2~(lI)~~(22)~the

pairsof irrationalnumbersp/qandqir wherep, q and triplets (p, q, r) label the statesin the Farey triangle, where

r are relatively prime integers)are representedby p=b+c, q=b+a, andr=a+b+c (seefig. 2). Eachstateoccurs
for somerangein malonicacid concentrationandt; thevalues

triplets (p q r) that are organizedon a two-dimen-
in thetablecorrespondapproximatelyto themiddleofthis range.

sionalFareytree,a Fareytriangle. Many statesin addition to thoselisted were observedat inter-
Wefind thattheFareyarithmeticdiscussedby Kim mediatevaluesofthemalonicacidconcentration.

andOstlundprovidesa compactdescriptionof the
observedsequencesof periodic stateswith wave- Malonicacid(M) Residencetime (s) (.o, q, r)

formsconsistingof combinationsof threebasicpat- 0.039 550 (0,1,1)

terns.In our studyof a sequenceof periodicstates 0.039 538 (1,2,2)
consistingof two basicpatterns[1,4], it wassuffi- 0.039 536 (2,3,3)

cient to vary a singlecontrol parameterto under- ‘~‘~

stand the relation of the sequenceto the Farey 0.039 526 (1:1:1)
arithmetic for approximating individual rational
numbers.However, in orderto relatethe sequences 0.046 498 (2,2,3)

of stateswith waveformsconsistingof threebasic 0.046 496 (3,3,4)

patternsto Fareytriangles,it hasbeennecessaryto 0 494 (5,5,6)

makemeasurementsas a function of two control
parameters.We havevariedthe malonic acid con- 0.049 482 (5,4,6)

centrationandthe residencetime ~ (the ratio of the 0.049 479 (4,3,5)
volumeof thereactorto thetotal flow rate);thecon- 0.049 478 (6,4,7)

centrationsof the other input chemicalswereheld 0.049 477 (7,4,8)

fixed. The instrumentationis describedelsewhere 0.056 466 (3,2,4)

[1,5]. 0.056 464 (4,2,5)
Table 1 lists someof the observedperiodicstates, 0.056 460 (6,3,7)

eachof which consistsof somecombinationof three
basicpatterns,21, 1’, and22. Thetriplet (p, q, r) used 0 430 (1,4,5)
tolabel eachstateis simply relatedto thenumberof 0.066 424 (1:i :2)

timeseachof the basicpatternsrepeatsin a single 0.066 420 (1,0,1)
period:p=b+c, q=b+a, and r=a+b+c, wherea is
the numberof times per period the patterns 2
repeats,b is the numberof times the 1 pattern angleareconstructedasfollows: the Fareymediant
repeats,and r is the numberof timesthe 22 pattern (p+p’, q+q’, r+r’) is placedat themidpointof the
patternrepeats.For example,the state21(li)422 in hypotenusethathasthe states(p, q, r) and (p’, q’,
fig. lb is labeled(5,5,6).Our choiceof therelation r’) at its ends,anda line is drawn connectingthis
ofthe integers(p, q, r) to the numberof repetitions newstatetothe oppositevertex.Thisconstructionis
of thebasicpatternsis anarbitraryone; othersums continuedad infinitum. Theobservedstates,which
anddifferencesof the integers(a, b, c) would work areindicatedby theblackdotsin fig. 2a,all lie onthe
just as well, butwith the choicewe havemadewe resultantFareytriangles.Thus,for example,thestate
obtainexactly the sameFareytriangleas discussed (1,1,2) lies betweenthe states (0,1,1) and (1,0,1),
by OstlundandKim. andthestate(5,4,6)liesbetween(2,2,3)and(3,2,3).

A Fareytriangleconstructedwith the threebasic For a Farey triangle at any level the determinant
states(0,1,1), (1,1,1),and(1,0,1) asthe verticesis whoserowsconsistof theverticesof thetrianglehas
shownin fig. 2a. Successivelevels of the Fareytn- absolutemagnitudeunity. Forexample,
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(4,5,5 i ent periodicstates.However,evidencefor theexist-21 (q 1) (1,2,2) (2,~,3( ~ -
11,l,U enceof intermediatehigherperiodstateswasfound

(a) I (7,78~
~ (5,~6) whenthe controlparameterswereadjustedto beas

closeas possibleto the valuesmarkinga transition
2,2,3) (5~6) 32)3) from onestateto anotherstate;higherperiodstate

(1,z3) f”~4i5(’ satisfyingthe Fareyarithmeticwere thenobserved,

but only a few cycleswould be observedbefore the
3.2~ ~ 4,7~4~ 212) systemwould drift into anotherstate.Thusit seems

(1,t2) (~7)’ fairly clearthathigherperiodintermediatestatesexist
(4,2,s(

overparameterrangestoonarrowto be maintained
with theresolutionof theexperiment.

1 321 Although the waveformsrepeatfairly accurately
from periodto period,somevariation in the ampli-

:~ tudesof the peaksof the time serieswasfound (see
(b) (c~’\\ (l~ 22 fig. 1); presumablythis variationisduetosmallfluc-

tuationsin thecontrolparameters,butwecannotrule
out the possibilityof chaoson a small scale,aspro-
posedby Richettiet al. [6].

Extensiverecentstudiesof circlemaps [71,which
_______ ~11 ______ canbetakenasPoincarésectionsofa two-torus,have

shown that frequencylocking in mapscanbe orga-
nizedby theFareyarithmeticthat providesrational

22 22 22
approximantsof irrational numbers.Similarly, Kim

Fig. 2. (a)A Fareytrianglewith states(p,q, r) correspondingto andOstlundshowthat frequencylocking ona three-
theobservedperiodicstates,whichareindicatedbytheblackdots; torus can be organizedby the generalizedFarey
seetable 1. Thetrianglewasconstructedstartingwith thebasic arithmeticthatgives rationalapproximantsforpairs
states(0,1,1), (1,1,1),and(1,0,1) (correspondingto thewave-
forms2’, 1’, and22, respectively)at thevertices.Thepathsfol- of mutually irrational numbers.As we haveshown,
lowedasa functionof increasingr areshownfor the following theFareytriangleof Kim andOstlunddescribesour
malonicacidconcentrations:(b)0.039M, (c) 0.046M, (d) 0.049 observations,butweshouldemphasizethatwehave
M, (e)0.056M, (f) 0.066M.

no direct evidencefor the existenceof a three-torus
— wehavenot observedquasiperiodicityeitherwith
two incommensuratefrequencies(whichon a three-

I 2 2 3 I torus would correspondto frequencylocking of two

5 4 6 I = — 1 . of the threefrequencies)or with threeincommen-

I ~ 3 5 I suratefrequencies.It is possiblethat the trajectories
for our datado indeedlie on a three-torus,but that

Figs.2b—2fshowthepathstakenthroughtheFarey thecontrolparameterrangecorrespondingto quasi-
triangleinmeasurementsmadeasa functionoft for penodicityis too smallto be observable.Numerous
differentfixed valuesofthe malonicacidconcentra- experimentson the Belousov—Zhabotinskiireaction
tion. The triangle is systematicallyswept out by haveyielded multipeakedperiodicwaveforms,but
varyingthe two control parameters:roughly speak- despiteconsiderableefforts to find quasiperiodicity,
ing, thepathtakenmovesto theright with increasing it has beenobservedonly in the studiesof Roux,
t anddownwardwith increasingmalonicacid con- Argoul andcoworkers[8]. Studiesof modelsof the
centration.Pathsfor different malonicacidconcen- reactionby Barldeyet al. [91andRichettiet al. [61
trationsdo notcross. haverevealedregionsof qüasiperiodicitywith two

All the statesobservedin this studywere,within incommensuratefrequencies,but the parameter
the experimentalresolution,periodic.No hysteresis rangesare small comparedto the frequency-locked
wasdiscerniblein the transitionsbetweenthediffer- regions.
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The self-similar structure of some periodic ofthe Fareytriangleconstructionis corroboratedby
sequencesin the Belousov—Zhabotinskiireactioncan theexperiments.
alsobedescribedwith piecewise-linearmaps,asfirst
proposedby Tsuda [10]. Bagley et al. [11] have WethankS.H.Kim andS.Ostlundforhelpful dis-
constructedapiecewise-linearmapthatyieldsapen- cussions.This work was supportedby the Depart-
odic sequencewith thesamesymbolicdynamicsthat mentof Energy,Office of BasicEnergySciences.
we reportedpreviously (whereour waveformscon-
sistedof twobasicpatterns).Possiblya two-dimen-
sionalgeneralizationof themapof Bagleyetal. could References
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