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Figure 6. The ensemble-averaged potential vorticity 〈q〉Mexp
exhibits a dependence on the

time-averaged streamfunction ψ̄ that is linear except near the walls (at the ends of the
range of ψ̄). The dots are mean values of 〈q〉Mexp

, and the vertical lines correspond to
standard deviations of 〈q〉Mexp

at a fixed ψ̄ . The data fit well the straight line (a least-squares
fit), in accord with the prediction of (5.24), where the slope is the ratio of two Lagrange
multipliers.

find that the tails decrease as we increase N . A similar examination of the skewness
reveals randomness about the value zero.

The next question is, what is the most probable value of potential vorticity in each
M-cell? The probability distribution of (5.23) gives a relation between the averaged
vorticity and the streamfunction,

〈ζ 〉Mexp
=

∫
ζPMexp

(ζ ; ψ̄) dζ = −εψ̄, (5.24)

which follows by elementary integration. Here ε = β/(2γ ) is the ratio of two
Lagrange multipliers. Figure 6 shows a linear relation between the ensemble-averaged
potential vorticity 〈ζ 〉Mexp

and the time-averaged streamfunction ψ̄ , as predicted by
(5.24).

Therefore, our theoretical predictions based on a mean field approximation are in
good accord with PDFs on M-cells and the averaged values of potential vorticity
and streamfunction from experiments. Our theory also indicates that equilibrium can
be locally achieved in M-cells, even though the system as a whole is turbulent and
non-Gaussian.

6. Conclusions
In this paper we have emphasized the relationship between additive invariants and

statistical independence: probability densities that result from entropy maximization
principles, such as that of § 5.2, will decompose into a product over subsystems
if the entropy is logarithmic (extensive) and the invariants included as constraints
are additive over subsystems (M-cells). We have also emphasized that additivity
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and, consequently, independence depend on the definition of subsystem. This idea
appears, at least implicitly, in conventional statistical mechanics. For example, in the
classical calculation of the specific heat of a solid, where one considers a solid to
be a collection of lattice sites with spring-like nearest neighbour interactions, the
Hamiltonian achieves the form of a sum over simple harmonic oscillators. However,
such a diagonal form requires the use of normal coordinates, and only then is the
partition function equal to a product over those of the individual oscillators. Thus the
notions of subsystem (here a single oscillator), additivity, and statistical independence
are intimately related.

In our application of statistical mechanics to inhomogeneous damped and driven
turbulence, we have discovered experimentally that a good definition of subsystem
is provided by the temporal mean of the streamfunction. With this definition, the
quadratic invariants (energy and enstrophy) are additive, and the concomitant
probability density of (5.23) agrees quite well with experimental results for both
the distribution of vorticity, as depicted in figure 5(a, b), and the mean state, as
depicted in figure 6.

An alternative interpretation of our results can be obtained by the counting
argument of § 5.1. Our definition of subsystem amounts to the idea that potential
vortices on the same contour of time-averaged streamfunction can exchange their
positions with little change in the energy and enstrophy. However, the relocation of
two potential vortices that are on different contours of the streamfunction should
result in a large change of the invariants. In this sense, the number of possible
configurations in phase space can be counted, and the maximization of the entropy
so obtained gives our result.

Our discussion of statistical independence and additivity has been heuristic, in the
spirit of Boltzmann and Gibbs. We suggest that a more rigorous development could
use the techniques described in other works (e.g. Miller et al. 1992; Majda & Holen
1997; Turkington 1999) adapted to our ψ̄-coordinate that describes our subsystems.
For example, one could begin with an appropriate sequence of lattice models and
obtain a continuum limit.

Although in this paper we have focused on a geostrophic fluid, our procedure is of
general utility and is applicable to physical systems governed by a variety of transport
equations. The unifying formalism is the non-canonical Hamiltonian description of
§ 3, which plays the unifying role played by finite-dimensional canonical Hamiltonian
systems in conventional statistical mechanics. Thus we expect our approach to apply
to Vlasov–Poisson dynamics, kinetic theories of stellar dynamics, drift-wave plasma
models, and other single-field models that possess the non-canonical Poisson bracket
of (3.5). Generalization to multi-field models such as reduced magnetohydrodynamics,
stratified fluids, and a variety of physics models governed by generalization of the
Poisson bracket (Thiffeault & Morrison 2000) of (3.5) provides an avenue for further
research.
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