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ABSTRACT

In a typical position detection system for optical tweezers, laser light impinges on a quadrant photodiode, and
the signal from the four quadrants of the diode is used to determine the position of a trapped object. A widely
used position detection system consists of a Si-PIN photodiode and an infrared laser. In previous work we have
demonstrated with two distinct experimental methods how such a system may act as an unintended low-pass
filter and we modeled its physical origin mathematically. Here we demonstrate that the general solution to this
model can account precisely for the “parasitic” filter’s effects up to as large frequencies as we can measure,
approximately 100kHz. Thus we increase the useful bandwidth of tweezers experiments by nearly two decades.
This opens for investigations of phenomena in biophysics, soft matter, and polymer science at much higher
frequencies than before.
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1. INTRODUCTION AND BACKGROUND

Photodiodes are used for detection of position in a number of modern techniques; for example in atomic force
microscopy':? and optical tweezers.®>* We here concentrate on optical tweezers, with position detection by a
Si-PIN photodiode, illuminated by the trapping laser light. In previous work we have demonstrated that delayed
detection of most charge carriers created by photon absorption in the diode, gives rise to an output signal that
relates to the input of light as if the signal had been low-pass filtered.>>¢ We also demonstrated that this effect
depends on the laser’s wavelength as it should, according to the physical explanation of the phenomenon.”8 In
the power spectrum of the position signal, the effect is seen as a loss of power, visible already at 1kHz® and
exceeding 50% above, typically, 7-10kHz for an infrared laser and a Si-PIN diode,® %10 i.e., it is seen as if the
system contains an unintended low-pass filter, a “parasitic” filter.

Here, we review how a simple physical model of the dynamics of photo-detection in the Si-PIN photodiode
can account accurately for this parasitic filter’s effect on experimental results. We present some new results on
this, showing how the model is solved and the solution utilized up to much higher power spectral frequencies
than hitherto. We also show that the model works equally well for a different kind of photodiode.

This development of optical tweezers to a tool of high precision and high bandwidth has already paid off in
studies of two biological systems,'™'* and the additional tripling of the bandwidth discussed here opens up for
more possibilities in the same vein and other fields, like rheology and polymer science.

The paper is organized as follows: Section 2 describes our simple physical model of the dynamics of photo
detection in the photodiode. Sections 3 and 4 present and analyze the two experiments. Section 5 concludes.
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Figure 1. Typical cross-section of a photodiode. Reproduced from Ref. 16. Not to scale. Typical dimensions are L of
order a few hundred pm and thickness of p-layer and depletion zone of a few to tens of a pm.

2. HOW TO COPE WITH TRANSPARENT PHOTO DETECTORS

The photo-active area of a Si-PIN photodiode is layered: it consists of a thin layer of p-doped Si (p-layer) through
which the light enters, a depletion zone that is the intended photo detection zone, and a thicker substrate layer,
typically of n-doped Si. The difference in charge density in the p- and n-layers results in an electrical field
across the depletion zone.!* Pairs of charge-carriers that are created by photons absorbed in the depletion zone,
are swiftly swept away by this field and detected within nanoseconds of their creation as a current that is the
intended output signal of the photodiode.*® Silicon is somewhat transparent to infrared light, however. So some
infrared photons pass straight through the depletion zone, and some of these are absorbed in the n-layer, which
is thicker, hence produce more charge carriers at high transparency. These charge-carriers find themselves in a
field-free region, and only gradually diffuse into the depletion zone, where they are detected with corresponding
delays.

The output of the photodiode detection system can be modeled as a sum of two parts: (i) an (effectively)
instantaneous part from the fraction of photons absorbed in the depletion zone, and (ii) a delayed part from
the photons absorbed in the n-layer.® In the simplest version of our physical model, we describe the diode’s
geometry with two parameters, the thickness L{deP) of the depletion zone and the thickness L of the n-layer. We
denote the coordinate along the light’s path through the diode by z, see Fig. 1, with 2z = 0 corresponding to the
interface between the depletion zone and the n-layer, and z = L corresponding to the position of the cathode.
The laser light’s absorption coefficient we denote by a. The delayed signal is predominantly caused by holes in
the n-layer,® so we consider only positive charge-carriers.

The density of charge-carriers created by an infinitely brief flash of light at time ¢t = 0 is, at t = 0, p(z,t) =
po exp(—az). In the n-layer, the time-evolution of this distribution is governed by the diffusion equation with
appropriate boundary conditions. Its values at later times can be written as a superposition of eigenfunctions
hn(z) with appropriate boundary condition for the operator describing diffusion, i.e., the Laplacian in the field-
free case, and in general the Laplacian plus a convective term,
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p(2:t) = po D bnexp (—t/7) bn(2) - (1)
n=0
In the simplest version of the model, we assume a completely field-free n-layer. The boundary conditions are
absorbing at z = 0 and reflecting at z = L, and the eigenfunctions are easily found, h,(z) = sin(w Z).
In that case, all coefficients b,, are known as functions of a, L, and the index n, see Eq. (11) in Ref. 8. The
characteristic delay times 7, in this case are

=D ((2n2+Ll)7r)2 ' @



In the most general case, the coefficients b, are only related by normalization, but because the n-layer is a
compact volume, the spectrum of relaxation times 7, remains discrete. Thus, in practice a finite number of
terms, N + 1, exhausts the sum.

In general, the temporal response of the photodiode can, in practice, be described with the response function

g(t) = afd0deN) (1) 4 (1 — oldiedeN)) oy Z (2n + 1)b,, exp (—i> . (3)
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It describes the output at time ¢ in response to a flash of light at time ¢ = 0. Here, 1 — a(diede:N) ig the fraction of
the signal contained in the slowest N + 1 relaxation modes of the diffusion equation, and a(4i°d&:N) ig the fraction
of the signal contained in the faster modes, assuming that these are so fast that they appear as instantaneous in
the approximation we work in. The fastest relaxation mode N to include explicitly in Eq. (3) is determined by
the smallest time interval one’s data can resolve, i.e., by the data acquisition rate, or, equivalently, the Nyquist
frequency of the signal’s power spectrum.

Thus, where an infinitely fast detection system would produce an output signal S(t), our system produces a
delayed output S@eD(¢),

t
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In Fourier space, by virtue of the convolution theorem, Eq. (4) reads
SN () =853 , ()

where ~ denotes Fourier transformation. Thus, the recorded, experimental power spectrum P(e¥)(f) = <|§ (del)(£) |2>

is simply the power spectrum of the physical signal <|§ ( f)|2> multiplied by G(f) = |§(f)|>. From Eq. (3) we
find?®
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with ¢, = (2n + 1)b,7s, Cn = (Zgzo ¢n)7t and f, = 1/(277,). With N = 0, we obtain the simplest response,
1— a(diode)2

G (f) — (diode)2 + o3o)
R 1+ (11505
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with f3d’°de) = fo. This simple function simplifies further to a first-order filter characteristics containing only one

parameter, a combination of a(di°de)2 gand faan (diode) , in an approximation valid for laser wavelengths in the near

infrared (~1000nm) where a/(4i°d®)2 js small, provided the maximum frequency considered is less than ~10kHz,
(diode)y2 5.6
so (f/fsqm )2 <15

In the two subsequent sections, two very different types of experiments are described. Both verify the model
outlined above, and the second exploits it to its limits.

3. EXPERIMENT WITH CHOPPED LASER BEAM

A very simple experiment shows directly that the photodiode detection system acts as a filter®: The laser beam
is focused and impinges directly on the quadrant photodiode. This beam is chopped mechanically with frequency
fenop- By varying this frequency while keeping the laser intensity constant, we can measure the characteristic
function G(f) fairly directly.



Figure 2. Sketch of the model for the output produced by a chopped Gaussian infrared laser beam impinging on a
silicon diode. A: Train of rectangular output pulses that result from chopping an infinitely thin beam of light, followed
by detection with no delay. The ratio between on-time and off-time, Ton/Tos, is given by the geometry of the chopper
wheel. B: Train of output pulses that result from chopping a Gaussian beam profile, followed by detection with no delay.
C: Same as B, but output pulses were filtered by a first-order filter, hence delayed with a simple exponential response
function g(t) = exp(t/7)/7T with 7 K Tog, Ton. D: Same as C, but with 7 = Tog, Ton.

The experiment is analyzed as follows: The laser beam has a Gaussian intensity profile. Thus, instead of a
train of rectangular pulses (Fig. 2A), the light hitting the diode varies in intensity like a train of pulses with
transients shaped like error-functions (Fig. 2B). This input produces a delayed output, cf. Eq. (4), which is seen
more clearly, the larger the delay time 19 of Eq. (2) is, compared to the time oy 1/ fenop that it takes for the
edge of a hole in the mechanical chopper to sweep across the Gaussian beam profile. A case where 7y is equal to
oy is illustrated in Fig. 2C, and one where 7y is an order of magnitude larger than oy is shown in Fig. 2D.

The analysis of the chopped signal in the time-domain is explained in detail in Ref. 5. In that paper, chopping
frequencies between a few hundred Hz and 14kHz were analyzed. The characteristic delay time 7y was slightly
longer than the shortest sweep-time o;. For the lowest chopping frequencies, the recorded signal resembles the
train of pulses shown in Fig. 2B and the delay is not visible. For intermediate chopping frequencies, the pulse-
shape resembles that shown in Fig. 2C. For the highest values of fuop, the shape of the signal is dominated
by the delay, cf. Fig. 2D. Thus, in this very simple experiment already from the unprocessed signal in the time
domain one sees the relevant time-scales of the problem.

The experimental characteristic function G(®(f) is found as follows: For a periodic input signal S(t), the
output signal is necessarily periodic with the same period. So its power spectrum vanishes except at frequencies
fr = kfehop, where k is an integer. In the ideal case of a perfectly periodic input signal recorded for infinite time,
the power spectrum of the output takes the form

P(f) =Y Pd(f - fi) - ®)
k

Our chopper is not perfectly periodic because its holes are not perfectly identical and equidistant. Consequently,
the delta-functions in Eq. (8) are seen as peaks of finite width in the power spectrum. Also, we measure for
finite time, which causes leakage,'” another, specific kind of significant broadening of peaks, which we reduce
significantly by so-called windowing,'” using a Hann window. These technical details matter for the practical
implementation of the mathematical result we use, but do not affect the result itself, which states® that the
integral power in any one of the peaks represented by delta-functions in Eq. (8) is reduced by a factor G(fehop)
compared to its integral power in the limit fchop — 0. Thus, simply by measuring the power in a peak as function
of fehop, one has measured G(f). Our result of such measurements is shown in Fig. 3, fitted with the response
function Go(f) of Eq. (7). The laser-intensity-dependence of fégg de) is maybe caused by a small dependence in
the width of the depletion layer on the number of charge-carriers excited in the n-layer.

Since the parasitic filter’s characteristic function depends on the intensity of the laser light falling on the
diode, it varies from one experiment to the next. Consequently, parasitic filtering should be accounted for
as an integral part of the calibration of optical tweezers. Several examples of how this is done are found in
Refs. 6,11-13. Below, we describe one of these examples.

4. EXPERIMENTS WITH TRAPPED SILICA BEADS

The chopper experiment of the previous section can only probe G(f) up to the maximum frequency that the
chopper wheel can deliver, or, if based on a peak at k fchop, to k times this maximum frequency. As the integral
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Figure 3. The characteristic function of the photodiode, as measured in an experiment with a chopped laser beam of
wavelength 1064nm.® Results shown as open squares were obtained with laser intensity roughly 4 times larger than the
intensity used to obtain results shown as filled circles. The solid and dashed lines are fits of Eq. (7) to the data, yielding

éggde) =9.3 4+ 0.2kHz and fégg’de) = 7.9 & 0.2 kHz, respectively. The corresponding values for a(4°4®) are 0.4+0.1 and
0.3£0.1, respectively.

power in the higher harmonic peaks rapidly decrease with increasing k, this is not a feasible manner in which to
reach higher frequencies.

In Ref. 7, Brownian motion was used to produce a known and understood signal sampled at 195kHz, a limit
set by the data acquisition electronics, and not by the Si-PIN photo diode used. Using a tuneable laser, it was
demonstrated that the amount of parasitic filtering that occurs, depends on the laser wavelength, as one would
expect from the wavelength dependence of silicon’s absorption coefficient. Parasitic filtering gradually disappears
as the wavelength is reduced.

In Ref. 8, this wavelength dependence was studied quantitatively, and the characteristic function of the
parasitic filter was determined out to 80kHz. The last 17.5kHz of the power spectrum out to the Nyquist
frequency 195kHz/2 = 97.5kHz were excluded because an electronic filter in the data acquisition system cuts
off the spectrum already near 90 kHz, with some ripples just below that frequency. Silica beads with a radius of
R = 450nm were trapped in optical tweezers formed by either a tuneable Ti:Sapphire laser in the wavelength
range 800-1000nm or by a 1064nm Nd:YVQO4 laser. Time-series of the position of a trapped bead were detected
by back-focal plane interferometry by a Si-PIN photodiode.*'® We also performed experiments where the
Si-PIN photodiode was replaced by an InGaAs PIN photodiode (G6849, Hamamatsu, Hersching, Germany).

The position of the trapped bead was measured at a sampling rate of 195kHz. Analog-to-Digital-Conversion
of position measurements was done with A — ¥ electronics, which apply over-sampling of the signal by a large
factor. Thereby, effects of aliasing at the nominal Nyquist frequency are eliminated. The time-series of positions
were Fourier transformed, and position power spectra P(ex)( f) were calculated. Such power spectra are often
modeled with a Lorentzian,

_ D/(2x?)

f + 12
which is what the Einstein-Ornstein-Uhlenbeck theory!® for Brownian motion yields in a low-frequency approxi-
mation that neglects the inertial mass of the bead. The Einstein-Ornstein-Uhlenbeck theory is, however, itself a
low-frequency approximation to Brownian motion in a liquid because it treats friction as frequency independent
and neglects the inertial mass of entrained liquid. It also approximates the thermal noise with white noise, while
it really is colored, i.e., has frequency dependent amplitude.'® The physically correct power spectrum is given in
Ref. 6. When the frequency dependent hydrodynamical interaction between the microsphere and the microscope

PLorentz (f) (9)



Table 1. Fitting parameters for the data sets shown in Fig. 4. The frequencies fo and f; are the characteristic frequencies
of the slowest and next-to-slowest eigenmode of diffusion.

System fo (kHz) f, (kHz) qfdiode)2
950nm, Si-PIN diode 14.6+£0.2 58.4+0.1 0.45+0.01
1064 nm, InGaAs diode | 77+36 - 0.954+0.03

cover-glass surface is also accounted for,®?? the experimental spectrum is modeled by,5 2
D/(2r?) Bex
Buyarol s B/ = ———— o (10)
(fo+ fim - f2/fm) + (fBe2)
where 3R 3R 20 20
Rev/r0 =1+ VITF, — ot + 2 exp (=22 V/ITT ) cos (% VT ) (1)
and

/70 = —V/I7T + g o0 (= 5 VT ) sin (VTR - (12)

In these expressions, vy = 6mpr R is Stokes’ friction coefficient with R the radius of the bead and pv the dynamical
viscosity of water. The corner frequency f. = k/(2m7y) has been introduced, and Einstein’s relation D = kgT /g
between diffusion constant, Boltzmann energy, and friction coefficient, has been used. Two new characteristic
frequencies have been introduced: f, is the frequency at which oscillations of the bead penetrate a distance equal
to the radius of the bead into the liquid, f, = v/(7R?) = 1.6 MHz. Another characteristic frequency, f.,, appears
in the inertial term, f,, = v/(2mm) = 1.6 MHz. These numerical values are for silica beads of R=450nm in
water, and their identity up to two leading digits is coincidental. Note that this complicated theory for the power
spectrum contains no more free parameters than the simple Lorentzian does, D and f..

Power spectra found from time-series recorded with the Si-PIN photodiode were fitted by G(f)Phydro(f) in
the frequency range [105Hz, 80kHz]. For wavelengths below ~925nm, only the slowest eigenmode of diffusion
was needed to describe the characteristic function of the parasitic filter, i.e., G(f) = Go(f) of Eq. (7). For
larger wavelengths, the two slowest eigenmodes of diffusion in Eq. (6), i.e., N = 1, could explain experimental
observations.?

The parameters in our theory for G(f) were thus determined experimentally. They can also be calculated
theoretically from known absorption characteristics of Si. We compared the two and found good agreement.®

In Fig. 4, the analysis of two data series is shown. One data set is recorded by the Si-PIN photodiode, with a
trapping laser of wavelength of 950 nm, the other data set is recorded by the InGaAs photodiode, for a trapping
laser of wavelength 1064 nm. In the former case, we needed two eigenmodes of diffusion in the description of the
filtering by the diode, whereas in the latter, one eigenmode was sufficient to describe the data to perfection. The
differences between the two cases are reflected in the values of the fitting parameters, given in Table 1: With
the Si-PIN photodiode, roughly 45% of the light is detected in the n-layer, and the characteristic frequencies,
fo and fi, of the parasitic filter are well determined. In the InGaAs photodiode, which is engineered to detect
infrared light, only 5% of the power spectral signal undergoes filtering, (1064 nm, InGaAs), and the characteristic
frequency fo is determined with large error. In that case, the covariance between a(di©d®)2 and f; is also quite
large, -0.97, and one should not over-interpret the significance of the values of the fitted parameters.

It is, however, difficult to judge whether the values of the parameters that we obtain in this manner, are
consistent with the physical characteristics of the material of the diode: The information available about the
InGaAs diode states that it is of PIN type, like the Si-PIN photodiode, but the material composition (the value
of z in In,Ga;_,As) is unavailable and we know neither the diffusion coefficient of charge-carriers in the n-layer,
nor the depth of the layer.
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Figure 4. Calibration fits for two different photo diodes. Panels A and B: data set obtained with tuneable laser at a
wavelength of 950 nm, recorded by Si-PIN photodiode. Panels C and D: data set obtained with 1064 nm laser, recorded
by InGaAs diode. Panels A and C show the power spectra in log-log plots. Data are shown with error bars, barely visible
to the eye at high frequencies. Solid lines show fits of G(f)Pyyaro(f) to the data. For the data set recorded by the Si-PIN
diode, the two slowest eigenmodes of diffusion were included, e.g., N=1 in Eq. (6). For the data set recorded by the
InGaAs diode, only one mode was included, N = 0. Panels B and D show residual plots of data divided by fit, with the
theoretical standard deviation shown as two horizontal lines. The vertical line at 80 kHz indicate the upper frequency
cut-off in data fitted to. This cut-off was chosen because an electronic filter in the data acquisition system causes a sharp
cut-off near 90 kHz, with some ripples (not visible here) just below 90 kHz. Table 1 shows parameter values for parasitic
filters, as determined from fits shown here.



5. CONCLUSIONS

Both experiments discussed above demonstrate parasitic filtering in the Si-PIN photodiode detection system. For
wavelengths as low as 800 nm, it is necessary to account for this filtering in order to interpret the experimental
power spectrum quantitatively, when the maximum frequency considered exceeds ~40kHz.?

We need at most the two slowest modes of charge-carrier diffusion in order to account fully for the phe-
nomenon, quantitatively and to perfection. Thus the cost of doing this is the introduction of the four fitted
parameters describing the two slowest modes. At this cost, we have extended the quantitatively interpretable
part of the power spectrum obtained with a 1064 nm laser from approximately 1kHz to the maximum frequency,
80kHz, permitted by the A — X data acquisition electronics. For laser wavelength below 925 nm, we needed only
the slowest mode of diffusion, hence only two fitting parameters, to describe the parasitic filter.

In Ref. 12, this new extended bandwidth of tweezers is successfully used to study rheological properties of
the yeast cytoplasm in vivo. In Ref. 13, on the other hand, the covariance is too large between the parameters
describing the biological system of interest and the parameters describing the parasitic filter. The simplest ex-
perimental protocol, simultaneous fitting of all parameters, is consequently insufficient to extract the information
one is after. In Ref. 6, the soundness of this simplest protocol is discussed in some detail for the simple problem
of calibrating an optical trap containing a micro-sphere.

In general, rapid photo detection with a photodiode must, before it is used for quantitative purposes, be
considered critically with an eye peeled for parasitic filters. In some cases this is done very easily by copying
the chopper experiment described above. In general, when the characteristic function given above can account
for parasitic filtering, and determination of its parameters does not interfere with the measurements of interest,
high precision and high bandwidth can be achieved with optical tweezers.
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