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FIGURE 6. The amplitude of oscillations grows exponentially at a rate of 8.14s~!
(I'=1.014, Re=277). Inset: The oscillatory trajectory of the sphere corresponding to the
amplitude measurement.

54. I <1.05

For 60 < Re < 230, trajectories exhibited small, slow aperiodic variations. At
Re =230, a falling sphere began to exhibit periodic transverse oscillations, which
were superposed on the slow aperiodic oscillations observed at smaller Re; no vertical
oscillation was discernible. The transverse oscillations correspond to the creation and
shedding of counter-rotating von Karman vortices, as seen in figure 5(a). The structure
of the quasi-two-dimensional vortices is similar to that for flow past a cylinder. Our
measurements of the oscillation amplitude yield an exponential growth followed by
saturation (figure 6); similar behaviour has been found for flow past a fixed sphere
Provansal, Schouveiler & Leweke (2004).

55.11<Ir<14

The transition from non-periodic to periodic behaviour observed for this case is
indicated in figure 2 by the dotted line. We analysed the data using the method of
Schouveiler & Provansal (2002), who measured for flow past a fixed sphere (without
confining sidewalls) the fluctuations of the fluid velocity in the vertical direction
directly behind the sphere. Schouveiler & Provansal (2002) determined that the
energy of these fluctuations at the primary shedding frequency increased linearly with
increasing Re, indicating that the transition was a supercritical Hopf bifurcation.

We measured the motion of the sphere (rather than the fluid velocity) and found
that above the onset of oscillations, the average amplitude of the velocity fluctuations
increased linearly with Re (figure 7). A linear fit to the data for I"=1.30 and 1.40
gives Re =89 for this Hopf bifurcation.

For Re close to onset of oscillatory behaviour, a sphere oscillates in the vertical
direction at twice the frequency of the transverse oscillations (see figure 3b). The
spectral power at St, and 2S5t,, plotted in figure 8(a), shows an evolution in behaviour
with increasing Re: at large Re the mode St, approaches 100 % of the power. This
evolution is illustrated by the phase-space portraits in figure 8(b). At Re=125 a
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FIGURE 7. The square of the average amplitude of the velocity fluctuations, u? 4+ u? (cm?s™2),

increases linearly with Re beyond the onset of oscillations. The graph includes measurements
for I'=1.30 (@), and 1.40 (»).

sphere’s motion is symmetric in the vertical and horizontal directions, while for larger
Re, the motion becomes asymmetric as one lobe decreases in size and the opposite
lobe increases. Eventually, the smaller lobe disappears completely.

6. Discussion

Our measurements on spheres of diameter d sedimenting in a Hele-Shaw cell
used digital imaging to track a sphere’s position with a precision better than 0.001d
(tables 1-5), which is far better precision than previous experiments on sedimenting
spheres. Further, information on the velocity field was obtained using particle imaging
velocimetry. Our experiments examined particularly the dependence of the behaviour
on I" (the ratio of plate separation to d). The measurements revealed a clear distinction
between the behaviour for spheres sedimenting for 1.014 < I' < 1.044, where the
behaviour has qualitative similarities to flow past a fixed unconfined cylinder, and the
behaviour for 1.10 < I' < 1.40, where the behaviour is qualitatively similar to that
for an unconfined sedimenting sphere and for flow past a fixed sphere. A sedimenting
sphere in a Hele-Shaw cell is a rather different problem from a sphere sedimenting
without sidewalls, and from a fixed sphere or cylinder in a uniform flow, so no direct
correspondence between our study and these other problems can be expected, but we
mention some qualitative similarities in behaviour that are helpful in interpreting the
observed phenomena.

For I' =1.014 and I =1.044, the pattern of the vortices observed for Re > 240 is
like the 2§ configuration of flow past a cylinder observed by Jauvtis & Williamson
(2004)(see also Govardhan & Williamson 2000), i.e. one vortex is shed per half-cycle
of particle oscillation. For our sedimenting sphere, the amplitude of the transverse
oscillation was at most 0.07d, which was observed for particle-to-fluid density ratios
(pp/ps) = 1.5 and Re =277. In contrast, the amplitude of the transverse oscillation
of a cylinder with similar density ratios is as large as 1.5d (for Re ~ 5000).
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FIGURE 8. (a) The amplitude of the power spectrum for the trajectory of a sphere in the vertical
direction for I" = 1.40. For low Re the dominant component oscillates at twice the frequency of
the oscillations in the transverse direction, but as Re increases, the component at the frequency
of the transverse oscillation becomes dominant (>, St, = St ; », St, =25t,). (b) The trajectory
of a sphere (in its co-moving frame) shows the transition from the frequency-doubled vertical
oscillation to the single-frequency oscillation at higher Re.

Further, for I'=1.014 and I =1.044, as a sphere releases a clockwise (counter-
clockwise) vortex, the sphere moves to the right (left) (cf. figure 5a). These observations
are consistent with the analysis of Jauvtis & Williamson (2004) (see also Lighthill
1986), who suggested that the force exerted on the particle due to a vortex shed
upward will generate a horizontal force given by

F,=p2 xU,, (6.1)

where F, is the vortex force, §2 is the total vorticity, and U, is the fluid velocity
around the particle.

In the smallest gap that we studied, I"=1.014, the sphere’s motion was time
independent at Re =227 and oscillatory at Re =244; thus the onset of oscillations
occurs at a much larger Re value than the 49 found for oscillations of flow past



Sedimenting sphere in a variable-gap Hele-Shaw cell 463

a cylinder without sidewalls (Williamson 1996). Similarly, observations of flow past
cylinders between end plates revealed that the critical Reynolds number increased
as the aspect ratio (length/diameter) decreased, an effect attributed to the stabilizing
effect of the walls on the flow (Norberg 1994; Lee & Budwig 1991).

Our measurements for different I" and Re yielded Strouhal frequencies in the
range 0.12-0.15, which covers the range observed for flow past unconfined cylinders
(Williamson & Roshko 1988) and bubbles with density ratios larger than 2.5
(Jenny et al. 2004). For our largest plate separation, I" =1.40, we observed time-
independent motion at Re=2_83 and oscillatory motion at Re =125 (table 5); this
result can be compared to Re =135 found for the onset of oscillations in a three-
dimensional numerical simulation of a sphere sedimenting without sidewalls (Pan
1999). Further, the flow field and vorticity we observed for a sedimenting sphere
with I"=1.40 (figure 5) were similar to the results obtained for the wake behind
a sphere for Re =345 (Schouveiler & Provansal 2002, figure 6). Our visualizations
using Kaliroscope particles for I"=1.20 and Re =310 (not shown here) reveal that
the structure of the wake is composed of sequences of hairpin vortices akin to those
observed in the wake of spheres (Schouveiler & Provansal 2002) and bubbles (Brucker
1999).

No previous study has examined sedimentation in a Hele-Shaw cell as a function
of plate separation. Thus our results will serve as a guide and benchmark for future
experiments and for direct numerical simulations of the Navier—Stokes equation for
sedimenting spheres. Numerical simulations for this problem are difficult not only
because of the moving boundary but also because of the wide range of spatial scales;
for example, in our experiments with the smallest gap between the plates (I" = 1.014),
the distance between the sphere and a wall is ~140 times smaller than the diameter of
the sphere. Future experiments and simulations should investigate how the behaviour
of a confined sphere evolves with increasing plate separation (I” > 1.4) to that of an
unconfined sphere. Further, our measurements examined sedimentation at only a few
values of Re, so it would be interesting to study in detail the sequence of bifurcations
that occurs as a function of Reynolds number.
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